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ABSTRACT: The dimensions of uniform star-branched polymers in a good solvent are studied by exact 
enumeration and Monte Carlo techniques. The mean-square radius of gyration, (SN2( f ) ) ,  is calculated as 
a function of the number, f, of branches and the degree of polymerization, N. Assuming that (SN'V,) - AV,P'f', 
our results indicate that u(f, = u, where u is the corresponding exponent for a linear chain. Of particular interest 
is the ratio g(f) of the mean-square radius of gyration of a uniform star polymer to that of a linear polymer 
of the same degree of polymerization. In the large-N limit, gV, = AV,/A(l), and our estimates of this amplitude 
ratio are compared with experimental and theoretical results in the literature. Other metrical properties, 
including the end-to-end length and internal dimensions of a branch, are studied and the results compared 
with the renormalization group predictions of Miyake and Freed (Macromolecules 1983, 16, 1228). 

1. Introduction 
A uniform star-branched polymer has the same number 

of monomers in each of its branches. Synthetic routes' are 
now available for the preparation of such molecules, and 
the dimensions of these structures have been measured by 
light scattering.2 In a classic paper, Zimm and Stockmayes 
gave a theoretical treatment of such systems in the absence 
of excluded-volume effects, but it is only recently that 
theories have appeared which are relevant to the good- 
solvent regime.4-7 Daoud and Cotton4 have developed a 
scaling theory for the dimensions of uniform stars with f 
branches in which they propose that there are three con- 
centration regimes dependent on the distance from the 
branch point: an inner core region in which the chains are 
very extended due to interchain repulsions, an interme- 
diate region in which interchain interactions effectively 
screen out the excluded-volume effects, and an outer 
swollen region in which intrachain excluded-volume effects 
dominate. They predict that the ratio 

where ( SN2(f )  ) is the mean-square radius of gyration of a 
uniform star having a total of N monomers and f branches, 
decreases as f-4/5. 

Miyake and Freed5 have developed a chain conformation 
space renormalization group treatment and predict, in the 
limit of fully developed excluded volume, that 

g o  = km ( s N 2 0 ) / ( s N 2 ( 1 ) )  (1.1) 

J + 6(p)I (1.2) 

where 6 = 4 - d,  d being the spatial dimension. We note 
that when d = 4, eq 1.2 reduces to the result of Zimm and 
Stockma~er.~ Both results for g(f) imply that the exponent 
v(f) defined through 

(1.3) 
is independent off and equal to the exponent Y for linear 
polymers. In both treatments, g o  is predicted to decrease 
as f increases, and this is in qualitative agreement with 
experimental results.1,2~8 

Miyake and Freed5 have also studied the f dependence 
of the mean-square end-to-end length and internal di- 
mensions of a branch. 

( S N 2 ( f )  ) - A(f)P"'" 
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Mazur and McCrackin? in a paper that has not received 
the attention it deserves, initiated Monte Carlo studies of 
the excluded-volume effects in a lattice model of star- 
branched polymers. Since then there have been few sim- 
ulation studies of stars that incorporate excluded-volume 
effects,'*13 and much of the published Monte Carlo data 
are not in a form that allows easy comparison with the 
theoretical predictions. 

In a preliminary publication,12 we used exact enumera- 
tion and Monte Carlo techniques to investigate the f de- 
pendence of the number of configurations and the mean- 
square end-to-end length of a branch. More recently,13 we 
carried out a detailed study of the number of configura- 
tions, for f = 3, 4, 5, and 6, on a variety of two- and 
three-dimensional lattices and compared our results with 
the @ ( E )  predictions of Miyake and Freed.5 In the present 
paper, we extend our preliminary results'* on dimensions 
to include the mean-square radius of gyration and the 
internal dimensions of a branch for stars with a larger 
number of branches (f I 6) on a wider variety of lattices 
in two and three dimensions. 

2. Mean-Square Radius of Gyration 
The mean-square radius of gyration of uniform star 

polymers is a quantity that has been investigated both 
experimentally1S28 and the~retically."~ Exact enumeration 
and Monte Carlo techniques provide an important bridge 
between experiment and theory, and in this section we use 
these techniques to study the mean-square radius of gy- 
ration of a lattice model of uniform stars with various 
values off.  

An inversely restricted Monte Carlo approach14 has been 
used to study stars on the simple cubic lattice with f I 6. 
We have generated data for stars with n I 50 monomers 
per branch and averaged our results over, typically, 40 000 
configurations. For small N ,  we have calculated ( S N 2 0 )  
exactly15 and the Monte Carlo estimates are in excellent 
agreement with these results. 

In Figure 1, we show the radius of gyration depends on 
the degree of polymerization, N ,  for structures ranging 
from a linear chain to a uniform star with six branches. 
At fixed degree of polymerization, it is clear that the radius 
of gyration decreases, that is, the stars become more com- 
pact, as f increases. Since we expect the functional form 
eq 1.3 for ( S N z ( f ) ) ,  the exponent vc f ,  is estimated through 
a log-log plot such as that shown in Figure 2. The data 
are linear for each value of f  and the resulting lines are 
essentially parallel, indicating that the exponent v ( f ,  is 
independent off. Indeed the widely used value v = 0.6 is 
consistent with these data for all f ,  and this value is 
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Table I 
Estimates of the Amplitudes A (f) and the Amplitude Ratios g(f) fop the Mean-Square Radius of Gyration of Uniform Stars 

on the Simple Cubic Lattice 
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0.1936 f 0.0008 1 1 
0.146 f 0.001 0.75 f 0.01 0.798 
0.115 f 0.001 0.59 f 0.01 0.667 
0.098 f 0.002 0.51 f 0.01 0.580 
0.082 f 0.002 0.42 f 0.01 0.519 

c I I I I 4 

Table I1 
Comparison of Values of the Amplitude Ratios g(f) for 

Various Values of the Number of Branches, f 

3 4 5 6 
this work 0.76 i 0.01 0.60 f 0.01 0.51 f 0.01 0.43 f 0.01 
Zimm (Monte 0.63 f 0.01 0.45 It 0.01 

Carlo) 
0.633, 0.65 0.458, 0.46 Bauer et al. 

Huber et al. 0.761" 
(exptl) 

(exptl) 

Stockmayer 

Freed 

0.69* 
Zimm and 0.778 0.625 0.520 0.444 

Miyake and 0.798 0.667 0.580 0.519 

8 solvent. Good solvent. 

of the amplitudes are given in Table I. We also give the 
amplitude ratios16 g(f) = A(f)/A(l), which are expected to 
be lattice-independent quantities and which can therefore 
be compared with experimental results. 

The exact value of the exponent u is controversial. Using 
a renormalization group approach, Le Guillou and Zinn- 
Justin17 have estimated that u = 0.588 f 0.0015. In Table 
I, we also give estimates of A ( f )  and g ( f )  using this value 
for u. Although the values of A ( f )  are sensitive to u,  the 
ratios g ( f )  are relatively insensitive. 

We have also analyzed the exact values of ( SNz(f))  that 
we calculated for small N. Extrapolating to large N yields 
estimates of A(f )  consistent with the Monte Carlo esti- 
mates given in Table I. 

In Table 11, we compare our overall estimates of g o  with 
the Monte Carlo results of Zimm,ll the U(t) calculations 
of Miyake and Freed,5 the classical result of Zimm and 
St~ckmayer ,~  and experimental r e s ~ l t s . ~ , ~ J ~ J ~  For f = 3 
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and 4, the general agreement between the various results I I I I I I I 

that of Miyake and Freed, and this trend is confirmed at 

Carlo estimates and the experimental results. Miyake and 
Freed themselves suggest that their use of a &function 
pseudopotential is inadequate to account for packing 
considerations in the "core" region when f becomes large. 
Their treatment seems to lead to an overestimation of the 

A A A A A A A A A A A A A A is excellent. At f = 5 our estimate is distinctly lower than 1.3- A A A A A A  
A A  

o o o o o o ~ o o o ~ ~ o o ~ ~ o o ~ ~ '  A A  f = 6 where their result in considerably above both Monte 
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N C  interference between branches,m but it is not clear whether 
this is due to packing considerations or whether the dis- V I . 1 -  - 
crepancy between our estimates and theirs would be re- 
duced by extending their calculation to include terms of 
order t2. We further note that for all f our estimates of 

[L 0 
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g(f) are rather close to the Zimm and Stockmayer values, 1.0 e 1 I I I 1 I I ,  

'. 
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avoiding walk. Our results support both of these points. 
In section 2, we calculated the ratio g o ,  defined by 1.1, 

for various lattices with f I 6 in both two and three di- 
mensions and compared our results with other available 
estimates for uniform stars. The experimental data in 
Table I1 include measurements on polymer systems in both 
good and 0 solvents. In fact, it is not clear what experi- 
mental criterion is suitable for the definition of 0 condi- 
tions for these systems. In some experimental work,’ it 
is assumed that the appropriate solvent-plus-temperature 
condition for the branched polymer is the same as that 
yielding a vanishing second virial coefficient for the linear 
chain of the same material. It has been suggested2J1 that 
glf) is insensitive enough to solvent effects so as to show 
no difference, within experimental error, in changing from 
good to (presumably) 0 conditions. The Miyake and Freed 
description seems to agree with this view, at least for small 
f: a plot of glf) against their excluded-volume parameter 
({)z8 shows, for various values off, a slightly positive slope 
near { = 0 (the Gaussian limit of no excluded volume), 
which increases in magnitude with f. However, in all cases 
the lines soon approach zero slope, certainly well before 
[ = m (the self-avoiding walk limit of complete excluded 
volume). In addition, notice that the Zimm and Stock- 
mayer values, which were derived under the condition of 
no interference between branches, are well within the range 
of experimental and simulation results for all values off. 
Therefore, adopting this view that g o  is relatively in- 
sensitive to excluded-volume effects has allowed us to make 
comparisons with a wider selection of literature estimates. 
As the data in Table I1 indicate, for f = 3, 4, and 6, our 
values are in excellent agreement with published work. 
The comparison with Miyake and Freed’s prediction is 
closest for small f ,  the differences growing with increased 
number of branches. These authors themselves expect that 
their estimates will be poorer for f k 6, and it is interesting 
to note from Table I1 that for smaller f all values are 
similar, while for f = 6 the renormalization group result 
is significantly larger than the others. A larger value for 
g o  implies a larger value for ( S N 2 0 ) ;  i.e., the importance 
of interactions between branches in swelling the star is 
being overestimated. The results of Mazur and McCrac- 
king are not represented in Table I1 because it is not easy 
to extract the relevant “raw” data from their paper. In that 
Monte Carlo treatment the authors weight the configu- 
rations by a Boltzmann factor which depends on the en- 
ergetic interactions between nearest nonbonded segments. 
Unfortunately, the data that are most suitable for com- 
parison with our own, a plot of g(f) vs. 1/N for the case 
of complete excluded volume, show rather variable be- 
havior a t  large N ,  and the authors themselves decline to 
extrapolate to infinite N. Finally for these results, it is 
worth emphasizing that given the functional form assumed 
in eq 1.3-this choice having been supported by detailed 
numerical analysis-the results for go are insensitive to 
a small change in the exponent V. 

Section 3 focused on the end-to-end length of a single 
branch. Here it is not possible to make comparisons with 
real systems. However, in three dimensions the Monte 
Carlo results and the predictions of Miyake and Freed are 
in agreement for small f ,  with the differences becoming 
more marked as f increases. The discrepancies in two 
dimensions are much more severe, as might be expected 
from an O(t) treatment. In this section we also investi- 
gated the internal dimensions of a branch, examining the 
expansion of the interior section along the branch due to 
the outer section of the chain, and found this effect to be 
small. 
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Figure 5. m dependence of (R,, ,2(3))/m1.2 for the simple cubic 
lattice: (0) n = m; (+) n = 50. 

estimates. In three dimensions, the data are consistent 
with the Monte Carlo results given in Table 111. For the 
two-dimensional lattices, we estimate 

B(3)/B(l) = 1.24 f 0.03 
B(4)/B(1) = 1.34 f 0.05 (3.3) 

in good agreement with the Monte Carlo results in Table 
IV. 

In three dimensions the agreement between the Monte 
Carlo estimates and those of Miyake and Freed is ex- 
tremely good, especially for f = 3 and 4. However, in two 
dimensions our ratios are greater than theirs. The source 
of this discrepancy is not clear but may be attributable to 
the relatively higher importance of t2 terms in two di- 
mensions than in three. It is interesting that this effect 
works in the opposite direction for B ( f ) / B ( l )  compared to 

We have also examined the “internal dimensions” of a 
branch of a star. Specifically, we have calculated ( Rnn2(f)), 
the mean-square distance between the branch point and 
the mth monomer in a branch containing a total of n 
monomers, in a star with f branches. Of course, (Rn,2(n) 

(Rn2(f)) .  We have compared (R, , ,2 ( f ) )  with ( R m 2 ( f ) ) ,  
with n fixed at  50 monomers, to investigate the expansion 
of the inner part of a branch by the outer part. In Figure 
5, we compare (R,,,2(f))/m1.2 and (R,21f))/m1.2 for n = 
50 and f = 3 on the simple cubic lattice. The expansion 
of the interior is quite obvious, though it is accentuated 
by this way of presenting the data. In fact, the maximum 
fractional increase is roughly 11 % , and this occurs at  about 
m = 17. For comparison, the corresponding maximum 
fractional increase for f = 5 is about 15% and occurs about 
halfway along the branch. The greater expansion for f = 
5 presumably reflects the greater number of monomers 
contributing to the expansion. 

4. Discussion 
Simulation studies form a valuable bridge between ex- 

periments and theory. By creating an idealized model 
system, in this case a dilute solution of regular star- 
branched polymers, it is often possible to test the math- 
ematical approximations inherent in a theoretical treat- 
ment. Of the two approaches currently in the literature, 
the renormalization group work of Miyake and Freed5 is 
the easier to connect with, as it makes definite predictions 
about the numerical values of g(f) and B(f)/B(l). The 
scaling treatment4 is harder to test, since it only predicts 
the functional form of go. In both descriptions, however, 
packing considerations are believed to be important near 
the core for large f ,  and, in the long-chain limit, the ex- 
ponent vlf) characterizing the N dependence of the di- 
mensional properties is thought to be independent off and 
is identified with v, the exponent associated with a self- 

A ( f )  / A  (1). 
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The results of this work, along with those of other Monte 
Carlo studies, show that simulation techniques provide an 
accessible, realistic approach in describing the dimensional 
properties of uniform star-branched polymers. In this 
paper, we have compared our results in three dimensions 
both with experimental measurements on real systems and 
with the predictions of the detailed theoretical description 
developed b y  Miyake and Freed. With respect to the 
latter, we find that, typically, our estimates (of a quantity 
such as g ( f ) )  match theirs quite closely for stars having a 
small number of branches, the differences increasing with 
f .  This indicates that a more extensive theoretical treat- 
ment is indeed necessary for systems having a large (f 1 
6) number of branches. In two dimensions, the discrep- 
ancies are more severe. 
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ABSTRACT: Certain networks (with X monomers between branch points) may possibly be swollen by a 
melt of linear, chemically identical, chains (M monomers per chain). We discuss two basic transport properties 
of these systems: (1) permeability of the swollen gel with respect to  the M chains; (2) diffusion of a labeled 
M chain. We find six different regimes for the permeability, depending on the values of X and M and the 
distance between entanglements (Ne) in the melt. In one of the six regimes, the permeability K is controlled 
by the friction of an M chain on surrounding M chains, which are themselves entangled with the network: 
K then becomes independent of the gel parameters (of X). For diffusion of a labeled M chain, we are led 
to distinguish only three different regimes: free draining, reptation, and "strangulation". In the first two 
regimes, the diffusion constant D*(M) is expected to be independent of X. In the strangulation regime, the 
chain reptates in a tube defined by the network. 

I. Introduction 
Can a network ( X )  be swollen b y  mobile chains (M) of 

the same chamical composition? Clearly, the invasion of 
X by M is at best very slow. But, more fundamentally, 
the final swelling equilibrium is controversial.'S2 The ex- 
istence, or absence, of swelling depends on certain weak 
terms in the free energy; an essential role m a y  be played 
by the compatibility (or incompatibility) or the cross- 
linking units with the M chains.2 

In the present text, we shall assume that the gel is in- 
deed swollen b y  the M chains. Furthermore, we consider 
that the network has been synthesized under good solvent 
conditions so that there is no delicate distinction between 

chemical neighborhood and spatial neighborhood in the 
system of  cross-link^.^ Finally the distribution of length 
of the network chains (of X )  is assumed to be relatively 
narrow. Then we can think of the X chains as following 
a "c* the~rem":~  each chain occupies a volume with linear 
dimension D, and each volume D3 is occupied by  one chain. 
The gel fraction is C#I = Xu3/D3  where u3 is a monomer 
volume. We focus our attention on cases where C#I << 1, i.e., 
to gels that are strongly swollen ( the  M fraction 1. - C#I is 
then close to unity). 

The equilibrium swelling laws (the formulas for D(X,M)) 
are then easily deduced f rom the behavior of a single X 
chain dissolved i n  a mat r ix  of (chemically identical) M 
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